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The cooling of a p o l y m e r  f i lm is  solved by the Biot method,  taking into account  the t e m p e r a t u r e  
dependence of the heat  conduction. The solution obtained is numer ica l ly  ver i f ied .  

The product ion of plane f i lms  involves the technological  opera t ion  of cooling a me l t  on the sur face  of a 
t he rmos t a t t ed  drum.  The effect  of the cooling kinet ics  on the kinet ics  of the s t ruc tu ra l  changes occur r ing  in 
the f i lm is significant.  The cooling ra te  is de te rmined  by the f i lm th ickness  and t h e r m a l  conductivity. Th is  
p rob l em may  be solved re la t ive ly  eas i ly  f o r  the case  of constant  t h e r m a l  conductivity [1]. However ,  in 
rea l i ty ,  the p r o c e s s  of cooling on the d r u m  occur s  ove r  a broad t e m p e r a t u r e  range ,  i .e . ,  in conditions such 
that  the t e m p e r a t u r e  dependence of the t h e r m a l  conductivity mus t  be taken into account  for  the po lymer s .  

Th is  is a p rob lem with in terna l  nonl ineari ty .  G r e a t  ma thema t i ca l  difficulty is encountered in solving 
p rob l ems  of this type ,  and so the number  of p r o b l e m s  which have been analyt ical ly  solved is ve ry  smal l  at  
p resen t .  Such a p rob l em  was solved in [2] for  a semiinf in i te  medium.  

The a im  of the p r e s e n t  work  is to obtain an analyt ica l  solution which is  convenient  for  use  in ca lcu la -  
t ions fo r  the p r o b l e m  of f i lm cooling on a drum,  taking into account  the t e m p e r a t u r e  dependence of the t h e r -  
ma l  conductivity.  

The f i lm th ickness  is cons iderably  l e s s  than the d rum d i a m e t e r ,  and the re fo re  the d rum curva ture  is 
neglected.  It  is a l so  a s s um ed  that  the re  is ideal t h e r m a l  contact between the f i lm sur face  and the drum.  

Suppose that the t e m p e r a t u r e  dependence of the t h e r m a l  conductivity may  be approx imated  as follows [2]: 

A T  z § B T + _ I  ' (1) 

where  ~0, A,  and B a re  p a r a m e t e r s .  The exp re s s ion  fo r  the d imens ion less  t e m p e r a t u r e  is wr i t ten  in the f o r m  

T - -  To 
0 -  T o - - T o  (2) 

where  T O is the initial t e m p e r a t u l e  of the f i lm;  T c is the d rum t e m p e r a t u r e .  In this case ,  Eq~ (1) takes  the 
f o r m  

aO 2 ,'-- bO -+- d ' 

where  

d = A (To - -  ToP, b = (2ATo -~ B)(Tc - -  To), d = AT2o § BTo +__ 1. 

The Biot method is used to solve this p rob l em [3]. The p rob lem is fo rmula ted  as follows: a plate of 
th ickness  l, with a t h e r m a l  conductivity depending on the t e m p e r a t u r e  as in Eq. (3} and a constant volume 
speci f ic  heat  pc,  has  an initial  t e m p e r a t u r e  0 = 0 (Fig. 1}. At t ime  t = 0 (contact with the d rum} ,  one side of 
the plate (at x = 0) ins tantaneously  r eaches  a constant  t e m p e r a t u r e  0 = 1; there  is no heat  t r a n s f e r  at the o ther  
side (x = l). 
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Fig. 1. D imens ion le s s - t em-  
pera ture  distr ibution in the 
f i r s t  (1) and second (2) stages 
of  p l a t e  h e a t i n g ,  x ,  m ;  Cli, m .  

The the rmal  p roce s s  may be divided into two stages.  In the f i r s t  stage it is assumed that the t empera -  
ture change occurs  over  a thickness x = ql less  than the plate thickness l, and the tempera ture  field is s a t i s -  
factor i ly  approximated as follows: 

0:= 1 - -  . (4) 

This parabol ic  approximation is shown in Fig. 1 (curve 1). The heat penetrat ion over  the thickness ql is 
a general ized coordinate ,  defined as a function of the time. 

The problem to be solved is one-dimensional ,  and so it is enough to consider  the heat propagation through 
a cylinder of unit c ro s s - s ec t i ona l  area  whose axis is perpendicular  to the film surface.  The thermal  potential 

is then 

The thermal displacement takes the fo rm 

q! 

1 pc S OZdx = 0. lpcqv ,v',= -2- 
0 

dPI 
pc0 -- 

dx 

(5) 

(6) 

Taking into account that H = 0 at x = qt, it follows that 

X2 X 3 ) 
H = pc ql __ x 

3 qt 3q~ , 

The dissipative function takes the form 
qt 

I ~ I ].j, Zd g = q~qi z p2cz 
D, =-~-  T - ~ - '  

0 

where z = 0.0181818a + 0.025573b + 0.0412698(t. 

The general ized the rmal  force  Qt is obtained by consider ing the vir tual  thermal  displacement  5H = 
pcfqt/3 when x = 0. The relat ion 

may be wri t ten,  and hence 

Q i ~ i  ~ 5H 

1 Qt = - : -  pc. 
3 

(7) 

(8) 

(9) 

(10) 

The Lagrange equation takes the form 

OVl ODl Jm QI. 
dqi oqi 

(11) 
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Fig. 2. Calculated t e m p e r a -  
ture distr ibution in the film at 
different  t imes :  1) accura te  
solution; 2) solution by the 
Biot method, x, m; t ,  sec.  

The solution of Eq. (11) for  the initial condition ql = 0 when t = 0 gives the express ion 

q~ = 15pcz  

The f i r s t  stage of the p roces s  ends when qt is equal to l, at  t ime tt: 

1 5 z p c t  2 
t l =  - -  . 

7~o 

(12) 

(13) 

In the second s tage,  corresponding to t imes t > h ,  the dimensionless  t empera ture  at the boundary x = l 
inc reases .  In this s t age  of the p r o c e s s ,  the tempera ture  field may also be wri t ten as a parabol ic  dependence, 

( +)2 
0 = (1 - -  q2) 1 - -  + q2, (14) 

which is shown in Fig. 1 (curve 2). 
this case the the rmal  potential is 

The t empera tu re  at the boundary x = l is a general ized coordinate. In 

+ / pcl. (15) 

The thermal  displacement  is obtained on integrat ing Eq. (16) with the tempera ture  value f rom Eq. (14) and the 
boundary condition H = 0 when x = l. The dissipative function is found to be 

q~o~c2l 3 
D2 -- ~ ((zq~ + ~q2 + 7), (16) 

where 
o~ = 0,060542a; [~ =. 0.078884a -+- 0.098765b; 

'? = 0.078884a + 0.1171b + 0,215873d. 

The numer ica l  coefficients in the express ions  for  z,  ~, /3, and T are  as calculated on a Nai r i -S  computer;  

The general ized force  is obtained by consider ing the vir tual  thermal  displacement  5H = (2/3)/pcSq2 J 

Q26q2 =- ~H ,  (17) 

and hence 

2 
Q~ = ~ Ipc. 

(18) 

93 



Substi tuting Eqs.  (15), 

y ie lds  an equat ion fo r  q2, 

(16), and (18) into the Lagrange  equation 

OV~ + OD2. = q~ 
Oq2 Oqz 

ft .  2 15pcF (q2W[~q~@u 

and in tegra t ion  of t h i s ,  taking into account  that  q2 = 0 when t = t t ,  gives the e x p r e s s i o n  

t =t t  q 8;~ --~ (q~--2) + 2q~+ ln(1--q2)l--[~[qz+ ln(l --q2) - -71n(1--qz)  " 

(19) 

(20) 

(21) 

In the p a r t i c u l a r  case  when A = B = 0, plate  cooling occu r s  in conditions of constant  t h e r m a l  conductivity,  
and Eqs .  (12), (13), and (21) a r e  cons iderab ly  s impl i f ied ,  coming to co r r e spond  to the Blot  solution [4]. 
When A = 0, the t e m p e r a t u r e  dependence of the t h e r m a l  conductivity is hyperbol ic .  The Blot method gives an 
app rox ima te  solution of the given nonl inear  p rob lem.  The e r r o r  has  been e s t ima ted  by numer i ca l  v e r i f i c a -  
t ion,  involving the solution of the co r respond ing  boundary-va lue  p rob l em by a d i f ference  method [3]. 

As an example  of the ca lcula t ion,  cons ider  the cooling of a polypropylene  f i lm fo r  which the var ia t ion  in 
t h e r m a l  conductivity is e x t r e m a l  ove r  the t e m p e r a t u r e  range  100-20ffC [5]. The initial  data a r e  as follows: 
volume spec i f ic  hea t  pc  = 2.23" l0  s J / m  3" ~ T c = 100~ T O = 200~ l = 10 -3 m. The coeff icients  in Eq. (1) 
a r e  obtained by l eas t  s q u a r e s ,  and have the following numer i ca l  va lues :  k 0 = 6.26" 10 -2 W/m �9 ~ A = - 5 . 2 2  �9 10 -5 
deg-2; B = 1 .64 .10  -2 deg- t ;  the minus sign is taken before  the unity in the denominator .  

In solving the F o u r i e r  equation by the f in i t e -d i f fe rence  method,  the grid region had the following c h a r a c -  
t e r i s t i c s ;  f i lm- th i ckness  s tep  10 -4 m;  t ime  in te rva l  10 -3 sec.  Inves t iga t ing  the convergence of the di f ference 
scheme allows its e r r o r  to be e s t ima ted ;  it did not exceed  0.3%. The calculat ions were  p e r f o r m e d  on a N a i r i - S  
computer .  

The r e su l t s  of the numer i ca l  ver i f ica t ion  a re  shown in Fig. 2. By the Blot method,  the f i r s t  s tage is 
found to end a f t e r  0.75 sec.  As follows f r o m  Fig. 2, the d i sc repancy  of the resu l t s  does not exceed 6~, i .e . ,  
the solution obtained may  be used fo r  eng ineer ing  calculat ions.  Thus ,  the parabol ic  approximat ions  of the 
t e m p e r a t u r e  field in Eqs.  (4) and (14) may be used as  f i r s t  approximat ions .  The solution is obtained in the 
f o r m  of a lgeb ra i c  equat ions ,  and i ts  n u m e r i c a l  rea l iza t ion  is cons iderably  s imp le r  than the d i f ference  scheme  
(the machine  t ime  is reduced  by approx ima te ly  a f ac to r  of 8). 
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N O T A T I O N  

is the t h e r m a l  conductivity of the m a t e r i a l ;  
a r e  the p a r a m e t e r s  in the t e m p e r a t u r e  dependence of the t he rma l  conductivity;  
is the t e m p e r a t u r e ;  
a r e  the p a r a m e t e r s  in the dependence of the t h e r m a l  conductivity on the d imens ion less  t e m p e r a -  
t u r e :  
is the d imens ion les s  t e m p e r a t u r e ;  
is the f i lm th ickness ;  
a re  the densi ty  and spec i f ic  heat  of f i lm m a t e r i a l ;  
is the t ime ;  
is the spa t ia l  coordinate ;  
a r e  the genera l ized  coordinates  ( respec t ive ly ,  the heat ing depth and the t e m p e r a t u r e  at the 
boundary);  
is the t h e r m a l  potent ia l ;  
is the t h e r m a l  d i sp lacement ;  
is the d i ss ipa t ive  function; 
a r e  the p a r a m e t e r s  defined by the t he rmophys i ca l  p r o p e r t i e s  and technological  conditions; 
is the genera l ized  fo rce ;  
is the t ime  of t rans i t ion  f r o m  f i r s t  s tage to second. 
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R A D I A N T  H E A T  T R A N S F E R  IN AN A B S O R B E N T  M E D I U M  

V.  A.  K u z n e t s o v  UDC 536.3.33 

A dependence is obtained for  the radiat ion flux vec tor  in the fo rm of a se r i es .  A calculation 
formula  taking the anisotropy of the radiat ion field into account is proposed.  

Various methods of calculat ing the radiant  heat  t r an s f e r  in an absorbing (radiating) medium are  based on 
a c losed and in principle solvable sys tem of di f ferent ia l  equations containing the r ad i an t -hea t - t r ans f e r  energy 
equation and the r ad i an t - t r ans f e r  equation [1]. F o r  steady h ea t - t r an s f e r  conditions, the energy  equation may 
be wri t ten  in the following form: 

div qr = 4o (e.T~ - -  a te) ,  (1) 

where  T r is the radiant  t e m p e r a t u r e ,  defined at each point of the medium by the express ion  

T4 1 i Idr r =  4--~,. (2) 
(4~) 

The radiation flux vec to r  q r  may be found by vec to r  integrat ion over  the spher ica l  solid angle w = 4~ 
of the total radiat ion intensity I, de te rmined  f rom the rad ia t ion- t rans fe r  equation [1, 2] as follows. 

I = e, B I dl  (3) 
o~ ~ dl 

The equi l ibr ium radiat ion intensity B at each point of the volume of the medium is then calculated f rom 
the well-known formula  [2] 

B = aT~/n. (4) 

As a ru le ,  the total radiat ion intensity I is not the same for  different  d i rect ions  l ,  and its dependence 
on the solid angle w is not known a pr io r i .  T h e r e f o r e ,  the integration of Eq. (3) in general  fo rm is ca r r i ed  
out only for  the case of i s . t r op i c  radiat ion [2]. 

It may be shown that on the basis  of Eq. (3) calculational  dependences m a y b e  obtained for  the radiation 
flux vec to r  with an a r b i t r a r y  configuration of the absorbing-medium volume and an anisotropic  radiat ion field. 
This  involves different ia t ing repeatedly  Eq. (3) with r e sp ec t  to the direct ion l ,  taking as constant the rat io be-  
tween the int r ins ic  radiat ion and absorpt ion coefficients  of the medium e , / ~ ,  and neglecting, for  s implici ty  of 
the equat ions,  the der iva t ives  of second and higher  o r d e r  of the absorpt ion coefficient  c~. Note that on the 
r ight-hand side of each of the resul t ing  equations there  is a der ivat ive  of the total radiat ion intensity I of 
o rde r  one higher  than that of the der ivat ive  of the total radiat ion intensity on the lef t -hand side of the equation. 
Using this s t ruc tu ra l  p roper ty  of the fo rmulas ,  the der ivat ive  d I / d / m a y  be el iminated f rom Eq. (3) and the 
total  radiat ion intensity wr i t ten  as a uniformly converging power s e r i e s ,  

/ =  e, / B 1 dB 1 d~B (--1)n dnB + 1 
• dl ~ - - - - ' 4 ; - " ' +  . . . .  ] r ( xl~cz 2 dl ~ •215 .... •162 ~ dl n (5) 

where  ~n = (1 + ndc~-l/d/) �9 
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